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Two-Dimensional Potential Flow Theory for Multiple
Bodies in Small Amplitude Motion

JOSEPH P. GIESING*
McDonnell Douglas Corporation, Long Beach, Calif.

This paper describes a very general method for determining the unsteady, two-dimensional,
incompressible flow about one or more bodies of arbitrary shape. Specifically the surface pres-
sure, forces and moments are obtained for bodies oscillating with small amplitude about their
steady equilibrium position and on bodies in small amplitude gust fields. The equilibrium
configuration of the bodies may also be arbitrary. Calculated results for single bodies in and
out of gust fields are compared to results obtained by existing methods. Calculations and
comparisons are also presented for two interacting bodies.

Nomenclature

Aim = complex velocity (normal—i tangential) at the midpoint
of element I due to element m of unit source strength

AI = imaginary part of A
AR = real part of A
Cp = p — 7Wipcot/«2 pressure coefficient
c = reference length
F = complex potential 0 -f- i\l/
PR = potential
H = simplified gust function ( = cf>(k)e~ik)
I,J = unit vectors parallel and perpendicular to the average

uniform motion of the bodies
i,j = imaginary units for space and time, respectively
k = co/2
q = magnitude of the velocity tangential to the body surface

normalized by Ua>
r = radius vector from origin of moving axis to point fixed in

moving frame of reference normalized by c
t = nondimensional time (= time Um/c)
Ug = nondimensional amplitude of gust
UT = nondimensional speed at which gust appears to advance

relative to a coordinate system moving with speed Um
in negative direction

Um = average speed at which the bodies are moving in the nega-
tive X direction

Vc = nondimensional speed of fluid as viewed in moving co-
ordi nate system

V/ = nondimensional velocity of moving coordinate system
V0 = nondimensional velocity of gust onset flow
Vp = nondimensional speed of a fluid particle in the wake
Vr = nondimensional velocity of a point fixed in the moving

coordinate system
w = nondimensional magnitude of the velocity normal to the

body surface
X, Y = coordinates oriented parallel and perpendicular to the di-

rection of average motion (nondimensional)
x,y = body coordinates (nondimensional)
z = x +' iy
a. = angular orientation of a wake element
T = circulation (nondimensional)
7 = wake vorticity (nondimensional)
Ac = short segment of wake fluid particles
A<? = tangential velocity difference at the body trailing edge
5 = small linear or angular displacement (normalized)
Ar = short segment of wake
f = coordinate of source or vortex point
rj = amplitude of wave height for water wave gust
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X = angular orientation of a body source element
a = body element source strength (nondimensional)
T = nondimensional distance along the wake
<l> = total normalized potential as viewed in the body fixed

coordinate system less the potential of the uniform
flow moving with speed Um

<f> = component normalized potential
</>(&) = Sears gust function
O = angular velocity of a body
ta = reduced frequency ( = frequency c/Um)

Subscripts and Superscripts
= disturbance flow
= equivalent velocity
= gust flow
= receiving element midpoint index
= sending element index
= wake element index
= onset flow
= quasi steady flow
= body identification indices
= component of steady onset flow in x and y directions
= wake flow
= components in the x and y directions, respectively
= component in the angular direction (positive counter-

clockwise)
first and second source element end points

Introduction

d
e
g =
I =
m =
n =
o =
Q =
r,s,t =
sx,sy =
w =
x,y =
6 =

1,2 =

THE theory for two-dimensional flow about thin plates in
oscillatory motion developed by various authors (see

Fung1 for a historical survey), has been extended to include the
effects of thickness by Woods,2 Kussner,3 Hewson-Browne,4
and Van De Vooren and Van De Vel.5 Woods, Kussner, and
Hewson-Browne were primarily interested in obtaining forces
and moments; consequently, they made no provisions to de-
termine the surface pressures. It was noted by Van De Vooren
and Van De Vel that viscous effects on lift forces and moment
are larger than the effects of thickness. These authors there-
fore undertook to determine the unsteady pressure distribu-
tion as a critical first step in the determination of viscous
effects.

In all of the thick-airfoil investigations mentioned, calcu-
lated results were presented only for symmetrical bodies at
zero mean incidence whose circle-airfoil transformation was
known and relatively simple.

The method described herein extends the oscillatory theory
on several fronts; 1) a body of arbitrary shape is accommo-
dated with ease, 2) bodies performing small oscillations about
any equilibrium position are considered, and 3) the present
method uses a potential-flow procedure that does not require
transformation methods and, therefore, allows for more than
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one body. As a result, the aerodynamic interference of sev-
eral bodies vibrating independently may be determined,
whether or not they possess circulation.

Other methods have been developed for the step-by-step
solution of nonlinear unsteady potential-flow problems for a
single body,6 for two bodies,7 and for a single three-dimen-
sional wing.8 Although these methods can be used to solve
problems of small-amplitude motion, they were not developed
for that purpose and arê  not well suited to it. Lacking any
other basis, comparisons with the present method are given in
Figs. 4-6. The nonlinear methods use the transient approach
to solve all problems; as a consequence, the calculations must
range over long time periods if purely periodic motions are de-
sired. Also, if the amplitudes are small enough, the large
computational effort required for the nonlinear method is
wasted because nonlinearities will not exist. Additionally, the
the results may not be very accurate. The flow properties are
not separated into steady and unsteady parts, therefore, for
small-amplitude motion, the unsteady part is obtained as the
difference between two values (total minus steady) that are
almost identical. A linearized method then, such as the one
presented herein, has a definite place in the theory of simple-
harmonic motions.

Description of the Problem

It is desired to find the unsteady flow about one or more lift-
ing two-dimensional bodies of arbitrary shape oscillating
about their equilibrium positions. It will be assumed that
the amplitude of motion is small and that the two-dimensional,
incompressible potential-flow model applies. Since an arbi-
trary periodic motion can be built up of its Fourier compo-
nents, attention will be focused on the solution for those com-
ponents. The motion will then be simple-harmonic and the
resulting flow a function of the frequency of oscillation.

The governing equations of unsteady potential-flow are the
Laplace equation

V2$ = 0
and the Bernoulli equation

Cp = (Vr - Vc
2) - 2$

(1)

(2)
where the Bernoulli equation is written with reference to a
moving coordinate system fixed in the body being considered
(see Milne-Thompson9 p. 87). The vector Vc is the normal-
ized f fluid velocity as viewed in this coordinate system, and
the vector Vr is the velocity of a point fixed in the same system,
i.e., Vr = V, + r X O, (Vc

2 = Vc Vc and Vr
2 = V r- Vr). In

addition to these equations, a vorticity-conservation condition
must be applied. Specifically, any loss of circulation of a body
must show up in the wake of that body as shed vorticity so
that the total vorticity of the system remains constant. The
shed vortices flow off the body at the trailing edge and down
the trailing streamline with the speed of the surrounding fluid.
It is assumed that the location of the trailing streamline and
the velocity along it are given, to first order, by their steady
values.

The solution of the steady Neumann problem for lifting
bodies of arbitrary shape and number is given in Ref. 10. The
basic idea of the present paper is to reduce the unsteady prob-
lem with moving boundaries to an equivalent problem with
fixed boundaries that is accurate through 0(6),t where 8 is
the amplitude of motion, so that the methods of Ref. 10 can be
applied.

f All velocities are normalized by the average forward speed of
the bodies (£/«). All lengths are normalized by a reference chord
length c. All other quantities are normalized by a combination
of Um and c.

t A function / is of 0(5) if lim —

Steady Potential Flow

The numerical solution of the steady Neumann boundary-
value problem as given in Ref. 10 is reviewed here. The po-
tential or velocity anywhere in the fluid can be found once the
velocity distribution normal to all boundaries is known. The
solution is effected by breaking up the potential (<£) and ve-
locity (q and w) into the onset (o) and disturbance (d) compo-
nents.

$ = 0o + 0d potential (3a)

q = q0 + q_d tangential velocity (3b)

w = w0 + wd normal velocity (3c)

The onset flow is the flow that would exist if the body were
not present, and the disturbance flow exists to deflect the on-
set flow in such a way that no fluid passes through the body
(w = 0) . The disturbance flow is generated by a distribution
of singularities on the surfaces of the source type. In particu-
lar, the surfaces of the bodies are approximated by a large
number of connecting straight-line elements. Each element
possesses a constant source strength a but the strength varies
from element to element. The complex velocity at the mid-
point of element / due to the source element m (of unit
strength) is A\m

where

Aim =

dF,m/dZ =

- iwtm = eXldFim/dZ (4)

(5)

Here Z is the complex coordinate of the receiving point, f i
and £2 are the complex coordinates of the end points of the
sending element, and A is the angular orientation of an ele-
ment. The source distribution (am) is adjusted until the
normal disturbance velocity (wd) is equal but opposite to the
onset normal velocity (w0), represented by

(6)o-m = —Ahm
 Iw0

where AIim is the imaginary part of A im. Once the source dis-
tribution (<rm) is known, the disturbance flow anywhere in the
field can easily be found. Specifically, the tangential velocity
distribution (q{) is

= ARi (7)

where ARim is the real part of A\m. Also, the potential dis-
tribution is

(f>dl = FRlmC (8)

where FRim is the real part of Fim defined implicitly in Eq. (5).
The total solution for the tangential velocity and the potential
is obtained from Eqs. (3a) and (3b).

Solution

Reduction of the Unsteady Flow

The unsteady boundary-value problem involving moving
boundaries is to be reduced to an unsteady problem involving
stationary boundaries. Fixing the boundaries for a single
body is easily accomplished by simply adopting body-fixed
coordinates. This is not true for more than one body since,
generally, there will be relative motion among the bodies.
Since the motions are assumed small (characterized by the

§ The usual summation convention is used here and henceforth.
n

For example, W0i = —AIim<rm means that w0l = — Tj AIim<rm.
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amplitudes ds (s = 1, 2, . . . ) , where 5s <£ 1 and s refers to a
particular body), an expansion in the amplitude about the
steady position can be effected.

Assume that there is fixed in each body a coordinate system
that is used to describe the flow about that body. When
dealing with interference, the coordinate system of the body
affected is used to describe that interference. An expansion
about the body equilibrium positions can be made by using
the d' (s = 1, 2, . . .) as the expansion parameters. Combin-
ing Eqs. (6) and (7) gives

w0 ̂  (9)-qd =

Expanding Eq. (9) about 5* = 0 gives

-qd = ARAI~lw0 +
s= 1

(<)ARAI-lw0/dd') + (10)

Here, AR, AI~l and their derivatives are evaluated at the
steady equilibrium position; that is, at 6* = 0, and subscripts
are dropped for convenience. Since the boundary values w0
are determined in the body-fixed coordinate systems, they are
not functions of d'. Evaluation of the derivatives proceeds as
follows :

(11)
Since

it follows that

= 0

or Eq. (11) may be written as

(12)
Combining Eqs. (10) and (12) gives

-qd = ARAI-i(w0- Z>-5^

(13)

The matrix AI and its derivative 5A7/55* can be parti-
tioned to illustrate the effects of the bodies on each other, as
follows:

AIM... AIM...'

AI =

(14)

The submatrix of influence coefficients A7<r<) indicates that
body s is affecting body r. Since interference effects are de-
termined in the coordinate system of the body receiving the
influence, the r coordinate system is used in calculating A7(rt).
The only portions of A7 affected by changing 5* are those that
are associated with body s. Therefore

dA7rf/55* = 0 when r ^ s and when t ^ s (15)

Also, the effect of body s on itself does not change with 5s since
body-fixed coordinates are used and the body is assumed to be
rigid.

dA'VdS* = 0 when [r = sand when t = s] (16)

IT The terms with double subscripts are elements of matrices.
When the subscripts are dropped it is understood that the matrix
itself is being considered. Thus, the elements of the matrix AR
are ARim and the elements of qd are q^.

When t = s, the derivative refers to the effect of the vibrating
body on the body to which the observer is fixed, that is, body r.
When r = s, the derivative refers to the effect of body t as
it appears to vibrate, on body s. When the observer is fixed
to the body that is vibrating, the rest of the bodies — in par-
ticular, body t appear to be vibrating with amplitude —d'.

If Eqs. (15) and (16) are considered, the derivative dA7/dS«
may be written in partitioned matrix form as follows :

= AIS =

0
As'1
0

0
0

0

0

0
0

As"-1

0

As1

As'-1'

0
0

(17)

A similar matrix may be written for dAR/dd*. The derivative
of Ar*( = ARra + iAI") with respect to d' may be obtained
from Eqs. (4) and (5)

5A-

The boundary-value problem with moving boundaries, for
one or more bodies, has been reduced to an equivalent bound-
ary-value problem with boundaries fixed at their steady equi-
librium positions. The solution is given by Eq. (13) as

qd = ARAI~1Woe (20)

where w0 is the equivalent normal boundary-value distribu-
tion given in matrix form by

(21)

where I is the identity matrix. In Eq. (20), q0e is an addi-
tional tangential onset flow that must be added.

[Wo (22)

An expression similar to Eq. (20) can be written for the dis-
turbance potential

where, in matrix notation,

ln(Z' -
and

ln(Z' -

(23)

(24)

(25)

(26)
The onset flow (w0 and g0) may be split up into steady terms
(wso and qso) which are of 0(1) and unsteady terms (wsej'ut

and qsej'ut which are of 0(5).

(27)
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The expressions for w0 and q0 then become

\wt - (E $*
( v = i

0(1)

+ wt - E $*®AI/W)AI-l)w,0leJat 0(5) (28)

0(1)

0(5) (29)

where 5 = Se-*0' and terms of 0(5') and higher have been
dropped. The 0(1) solution for qd is then obtained by placing
the 0(1) term of w0g and q0g in Eq. (20) ; likewise, the 0(5) term
is obtained by using the term of 0(5) for w0e and q<>e in Eq-
(20) . The same procedure holds true for <j>d in Eq. (23) .

Quasi- Steady Flow

The unsteady disturbance flow consists of a vorticity-free
flow and a flow that possesses circulation and vorticity. The
former is the quasi-steady flow while the latter is the circula-
tion and wake flow. The quasi-steady flow, which is being
considered here, satisfies all of the boundary conditions except
the Kutta condition. To obtain this flow (or flows), all that
is required is the specification of the normal boundary values
w0 and the body motions, 5» in Eqs. (20) and (23) . The onset
flow is caused by a steady velocity (£/«,!) of 0(1), an unsteady
velocity generated by a gust (Vff) of 0(5) and an unsteady
velocity caused by body motions (Va) of 0(5). Then

V«)-t = qs

(30a)

(30b)

where the subscript Q has replaced the subscript 5 in Eq. (27)
to indicate quasi-steady flow. The body motions are simple-
harmonic in the body-fixed directions x, y, and 6. For small
motions, Vs can be written as

jdy - i(y -
*** (31)

Here j is the time imaginary unit, and i and j are the unit vec"
tors in the x and y directions, respectively. Also, VSa. = I-i
and VSy = I - j .

Two types of gu-s-t- flows -are- considered: the classical gust,
where only a vertical velocity exists, and a gust field generated
by traveling water waves. Specifically, the classical gust is
specified by

(32)
<t>oa = 0

and the water-wave gust field by

V, = l(u - jv) + J(v + ju)
u - jv = rj[j(l - UT/

<t>0 = Rerj[-(l -
(33a)

(33b)

where I and ] are parallel and perpendicular, respectively, to
the direction in which the gust is traveling. Also, X and Y are
the coordinates associated with I and J. The term UT is the
speed of travel of the gust relative to the body and Ug is the
amplitude [0(5) ] of the classical gust and TJ is the amplitude of
the wave at the surface. The expression given in Eq. (33b)
is obtained from Eq. (2) on p. 394 of Milne-Thompson.9
Specifically, a Galilean transformation is applied whereby the
coordinate system is changed from one fixed in the water to
one moving with constant velocity U^ in the negative X direc-
tion. It should be noted that the current theory does not

take into account free surface effects. The water wave is used
only as gust flow of interest.

The terms wso and WQO for the quasi-steady flow are complete
except for the determination of the derivatives dX/55, dfi/55,
df 2/55, and dZ/55. The vibratory motion of the body can be
expressed as

5 = 5,

dX/55 = 5A/d50 = 1

(34)

(35)

(36)

- ZR) (37)

Expressions similar to Eq. (37) may be written for dfi/d5 and
df2/55.

Placing the terms wso and wQo into Eqs. (28) and (29) , and
the terms w0e and q0e into Eqs. (20) and (23) gives the quasi-
steady solution for both 0(1) and 0(5). The steady term of
0(1) is qS} and the unsteady term of 0(5) is q<j

Therefore

and

where

+

(38a)

(38b)

Circulatory and Wake Flow

The quasi-steady solution satisfies the surface boundary
conditions (i.e., that the fluid normal velocity at the surface be
equal to the surface normal velocity) but does not satisfy the
Kutta condition. To satisfy the Kutta condition, a circula-
tory flow is introduced about each lifting body.** The circu-
lation possesses a steady part of 0(1) and an unsteady part of
0(5). Because vorticity is conserved, the unsteady circula-
tion must be accompanied by a vortex wake. The loss in cir-
culation (F) must appear as shed vorticity (7) at the trailing
edge (or separation point) of each lifting body. Specifically,

(yVp)T.E. = -dT/dt = - jot (39)

where Vp is the velocity at which the vorticity is carried away^
and F is the time-complex amplitude of the circulation.

The vortices generated at the trailing edge during a unit of
time are swept down the trailing streamline of the body. The
total strength of the vorticity remains unchanged as the vor-
tices travel down the streamline even though the vorticity
strength per unit length may change because of dilation. If
7 Ac is the strength of this segment of vorticity, where Ac is a
short segment of the vortex wake attached to fluid particles,
then

Z)(7Ac)M|partiole = 0 (40)

It can be shown by Ref. 11 that if 7 = f(r)ejo}t
} Eq. (40) leads

to

where

- /; d\

(41)

(42)

And T is distance measured along the wake.

** More accurately, a circulatory flow is introduced about each
body that can maintain a circulation, that is, one that requires a
Kutta condition.
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Combining Eqs. (39) and (41) gives

j(t,r) = T[(-jo/Vp(T»e-*TU]ejt" (43)
This equation gives the vorticity distribution in the wake of a
particular body in terms of the circulation of that body and
in terms of the steady velocity distribution [Vp(r) ] along the
stagnation streamline. Eq. (43) holds true for each body.
Considering Eq. (43), the onset potential field generated by
the vortex wake of a particular body can be written as

(44)

where

G = J_ f"
2ir Jo ln(Z -

Here, Z is the complex coordinate of a point on a body and f „,
is the complex coordinate of a point in a wake. The term G
may be integrated by parts as follows, f t

G = (l//w)t/2,r[ln(Z - f.J + (45)

where

and where fwo denoted £W(T = 0) that is, the body trailing
edge.

In order to generate an onset circulatory flowfield, a point
vortex is placed within each body at the trailing edge. The
potential field due to a point vortex is

ly-TnCZ - U) (46)
Adding Eqs. (44) and (46) note [Eq. (45) ] gives

4>Wo = T$Wo

where

*., = e^(-h)
The tangential and normal onset velocities f t are given by

qwo — iwwo = T(qWo — iwwo) (47)

where

gwo - iwwo = ^"^{-wo/a
and where

o V,(Z - W

Introducing Eq. (47) into Eq. (21) and retaining only terms of
0(5) gives

Oe = Fwwo, q0e = 0 (48)

Placing these boundary values into Eq. (20) gives the distur-
bance tangential velocity,

qwd = Tg*d (49)
where qWd is obtained from Eq. (20) by using wwo. The total

tf Note that from Eq. (42) dT = dr/Vp. The term In(z- oo )
is a constant and, therefore, can be ignored.

tt The onset flow In(2 — $wo) is generated by a point vortex lo-
cated at the body trailing edge. The corresponding disturbance
flow must be obtained by indirect means because of the failure, in
the face of such strong singularity, of the methods considered here
and in the method of Giesing.10 The details are given by
Giesing11 but, in general, the method of attack is to obtain a full
(onset plus disturbance) solution for the unique circulatory flow
and subtract the onset flow, which is due to the trailing-edge vor-
tex. This gives the desired disturbance flow.

tangential velocity for one circulation and wake is the sum of
the disturbance velocity and the onset velocity. The total
tangential velocity for all of the circulations and wakes is ob-
tained by summing the contributions of all the bodies.

qw =

Likewise, for the potential

(50)

(51)
5 = 1

The solution for the circulation and wake flow is now com-
plete except for the determination of the circulation (F) in each
body and the evaluation up the integrals /i and I2.

Evaluation of Ii and T2

The approximate evaluation of I\ and /2 for a particular vor-
tex wake can be effected by breaking up each wake as depicted
in Fig. 1.

It is assumed that Vp(r) is constant over each straight-line
element but that Vp varies from element to element. In this
case

T(r) = Tn + ren
ia

- Arn/2 <C r <: Arn/2

Tn = \l

(52)
where

and where

The integrals /i and 72 are then approximated by
/•Am/2

/i = 2Z e~jwTneian I

/2

£wn _ Tetan

e-j(OT/VPn

w — reia''

dr

dr

where df = d?e*a over an element. The subintegral com-
mon to both of these is

I

where

_ f AT/2
n = J -Am /2 Z - fwn - reian

~C,

J-cCn Pn -

Pn Pn = u(Z - f Wn)/VP u =

It can be shown by Ref. 11, pp. 26-30, that In is expressible in
terms of the exponential integral as follows :

- B)])

where
^ _ _eiF

T> ^—iP$~lB — —e IP\J

+ B]

C)] - El[i(P - C)} + 27
C)] - #iM(P - C) -

P) < 0

(53)

= |#ePi < C and
A (0 otherwise

= j l \ReP\ < (7 and Re(-iP) < 0
(0 otherwise

Circulation

The unsteady Kutta condition is given in Ref. 12 as: The
difference in tangential velocity between the upper and lower sur-
faces at the trailing edge is equal to the strength of the shedding
vorticity.
If A# represents this difference, then

Z IXAgWo< + AgWd«) = y(r = 0) (54)
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Fig. 1 Schematic of airfoils and vortex wakes.

Eq. (54) is made to hold at each trailing edge, thus furnishing
as many equations as there are unknown values of circulation
F*. From Eq. (39),

JT.E. = 7(r = 0) = -juTe'»'/Vp'(T = 0) = -TA> (55)
Introducing the notation

D* = Aqwo* + Ag.u,d* + A9

and adding the superscript r to indicate the trailing edge at
which Eq. (54) is made to apply, gives

£ T*Dr* = Ag</ (56)
5 — 1

which can be easily solved for the values of T*.
The solution for the circulation and wake flow is now com-

plete.

Pressure, Forces and Moments

The unsteady Bernoulli equation for a coordinate system
fixed in a moving body is given by Eq. (2) and Ref. 11, p. 37
as

CP = CPI + CPZ = (p -

CP1 = (TV - q2)
CP2 = -2<£

(57a)

(57b)
(57c)

where Vr is the velocity of a fixed point in the body-fixed frame
of reference.

V, = -/ + V5 (58)

where I is the steady velocity of 0(1) and V«, as defined in Eq.
(31), is the velocity due to vibration of 0(5). The tangential
velocity q is the sum of the steady velocity qs of 0(1) and the
unsteady velocity qs of 0(5). The unsteady tangential ve-
locity qs is the sum of the quasi-steady velocity g$ and the wake
velocity qw. Retaining terms of 0(1) and 0(6) for q2 gives

q2 = q*2 + 2qs(qQ + qw) + ...

Retaining terms of 0(1) and 0(6) for Vr
2 gives

Vr2 = Vr-Vr = 1 - 2V.-V, + . . .

The term $ is justjco^, where

0 = $Q + <t>w

The pressure equation is then

Cp = 1 - qs
2

(59)

0(1)

0(5) (60)

Eq. (60) holds for each body. If the pressure on a stationary
body in the presence of a moving body is desired, V§ in Eq.
(60) is zero. The forces and moments on each body are ob-
tained by direct integration of the pressures over the surfaces.

0.1 0.2 0.3 0.4 0.5

Fig. 2 Comparison of the Theodorsen function for airfoils
of various thickness.

Calculated Results

All the equations described so far have been programed
in FORTRAN IV for both one body and two bodies. In addi-
tion, a method for calculating the location of trailing stream-
lines and the velocity distribution along them has been de-
veloped (see Ref. 11).

Single-Body Configuration Cases

Kussner3 has developed a theory for a single symmetric
body whose circle-airfoil transformation is known. This
theory deals with forces and moments only. Fig. 2 shows a
comparison of the present method with Kussner's results for
two symmetric airfoils: one 8.4-percent thick, the other 25.5-
percent thick. The Theodorsen function (circulatory part of
the lift) is shown as a function of the reduced frequen.c}r k =
co/2. For reference, the results for a flat plate are also given.
Kussner's results and those of the present method are in good
agreement.

Van De Vooren and Van De Vel5 have developed a theory for
a single airfoil that gives the surface pressure distribution.
Again, the circle-airfoil transformation must be known. The
airfoil shown in Fig. 3 is generated by using the parameter 8 of

180 150/
//U120 90 60 30

//•>° IMAGINARY

Fig. 3 Comparison of the pressure distributions as cal-
culated by the present method and the method of Ref. 5 for

a 13% thick airfoil.
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Fig. 4 Comparison of the pressure distributions as calcu-
lated by the present method and the method of Ref. 6 for a

25.5% thick Joukowski airfoil.

Ref. 5, Eq. (4.1) where x = ^(1 + cos#). The pressure dis-
tribution is plotted vs B in the figure. Only the upper-surface
pressures are shown since the distribution is antisymmetric.
The motion considered is a rotation about the midchord point.
The agreement between the present method and the method of
Ref. 5 is excellent for the real part, but deviates somewhat near
the leading edge for the imaginary part. The reason for this
discrepancy has not been discovered.

A method for determining the pressures, on a body under-
going arbitrary motion is described in Ref. 6; Since it is a
nonlinear method, the steady and unsteady contributions to
the pressure distribution are not treated separately as is done
here. In order to make a comparison with the present
method, a very small amplitude of motion must be used for
the nonlinear calculation. The result is a very small unsteady
contribution to the pressure. This small contribution is ob-
tained by subtracting the steady pressure distribution from
the complete pressure distribution (steady plus unsteady).
Since the small unsteady pressure is then the difference be-

tween two large numbers, it may not be very accurate. In
this respect, the nonlinear method is not particularly well
suited to small-amplitude calculations. Also, the nonlinear
method takes a transient approach to the problem; that is, all
motions are treated as starting from rest. As a result, some
starting transients are always present in a calculation meant to
simulate simple-harmonic motion.

In spite of those objections, however, comparisons are at-
tempted. The first example is presented in Fig. 4a). Specifi-
cally, a 25.5-%-thiek Joukowski airfoil is made to pitch about
its quarter-chord point at a reduced frequency of 0.628 and
with an amplitude of 0.001 radians. (The amplitude of
vibration is used only by the methods of Refs. 6 and 7.)
Only the upper-surface pressure distributions are shown
since the distributions are antisymmetrical. The agreement
between the two methods is good. The complex lift as calcu-
lated by the present method is —4.463 —i 0.654, whereas that
calculated by the method of Ref. 6 is —4.77 — i 0.80. A mea-
sure of the transient residue still present in the nonlinear calcu-
lation is the average lift, which for pure simple-harmonic mo-
tion is zero. In the example presented in Fig. 4a), the aver-
age lift at the time the pressures were determined was 3.5 per-
cent of the amplitude of the unsteady lift. Some peculiarities
can be seen in the pressure distribution at the trailing edge.
These are caused by a slight thickening of the trailing edge
that was used. This trailing edge was selected due to difficul-
ties in dealing with a cusp trailing edge.

The second example is presented in Fig. 4b. The only
difference between this case and that of Fig. 4a is that, here,
the mean angle of attack of the airfoil is 45°, and the ampli-
tude of vibration is 0.05 radians. The comparison between
the present method and the method of Ref. 6 is not as good as
that presented in Fig. 4a. This is due to the fact that sim-
ple-harmonic motion has not been achieved. Specifically,
the average lift coefficient at the time the pressures were de-
termined was 1.677T, whereas the steady value is 1.687T. The
difference between these two values (0.03) seems small.
However, in relation to the amplitude of the unsteady compo-
nent of the lift (0.15) it is large (20 percent).

The actual value of the lift coefficient per unit amplitude is
obtained by dividing the lift coefficient by the amplitude (in

- PRESENT METHOD
REFERENCE 7

ELLIPSE 1
IMAGINARY

Fig. 5 Comparison of the pressure distributions as cal-
culated by the present method and the method of Ref. 7 for

two 25% thick ellipses in quasi-steady motion.
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this case 0.05 radians). The pressure distributions are ob-
tained by subtracting the steady values of the pressure from
the unsteady values. Ideally, the average values should be
used instead of the steady values, but they are not available.
The average values of lift coefficient are available, however.
When these average values are used in place of the steady val-
ues, better agreement between the present method and the
method of Ref. 6 is realized. For example, the present
method predicts a complex lift coefficient of —2.60 —i 0.78,
whereas the method of Ref. 6 gives —3.6 —i 0.62 when steady
values are used, and —3.0 -\-i 0.0 when average values are
used.

Two-Body Cases

Reference 7 describes an extension of Ref. 6 whereby the
nonlinear interaction of two bodies in unsteady motion is con-
sidered. Again, this method has the same disadvantages in
relation to small-amplitude simple-harmonic motions, as does
the method of Ref. 6. Despite the disadvantages, pressure-
distribution comparisons are made. Figure 5 presents a com-
parison of the pressure distribution on two 25-%-thick ellipses
as obtained by the present method and by the method of Ref.
7. The two ellipses are separated by a vertical distance of
1.5c, and the upper ellipse is made to vibrate in rotation about
its center with a reduced frequenc}^ of 4. (For the method of
Ref. 7, the amplitude of rotation is 0.05 rad.) In this special
case, the ellipses cannot maintain circulation and thus shed no
vortex wakes. The motion is therefore quasi-steady. This
case is presented to illustrate the correctness of the quasi-
steady boundary condition formulation without the complica-
tion of shedding wakes. Since the ellipses are nonlifting and
noncirculatory, starting transients do not appear. Agree-
ment between the two methods is very good and shows the de-
sired result.

Figure 6 presents a second comparison with the method of
Ref. 7. Specifically, the pressure distributions on two 25.5%
thick Joukowski airfoils are shown. The vertical and horizon-
tal distances between the two lifting airfoils is 0.50c and 0.25c,
respectively. The upper airfoil is vibrating in rotation about
its one-quarter-chord point with a reduced frequency of 0.2-Tr,
while the lower airfoil is stationary. The agreement between
the two methods is consistent with that observed in Fig. 4a
and Fig. 4b. The lift coefficients obtained by the present
method are —6.00 —i 1.10 for the upper body and 3.12 —i
0.75 for the lower one. The lift coefficients obtained using
the method of Ref. 7 are -6.54 —i 0.75 and 3.82 -i 0.70, re-
spectively.

It is worth noting that the out-of-phase (imaginary) compo-
nent is small compared to the in-phase (real) component.
Under these circumstances, very small errors in phase angle
can cause what appear to be large errors (at least on a per-
centage basis) in the imaginary parts.

Figure 7 is included in this section to present a practical ex-
ample of a two-body case. The flap of a NAG A 23012 airfoil
is made to vibrate in rotation about an equilibrium incidence
of 45°. The figure presents the configuration as well as the
resulting pressure distribution. The complex lift coefficients
for the main airfoil and flap are —1.50 +i 0.18 and —0.588 —i
0.18, respectively.

Gust Cases

The Sears function <t>(k), where k = o>/2 gives the complex
lift response of a flat plate in a simple-harmonic gust field,
specifically, Ci = Cia<t>(k). Figure 8 shows a vector diagram
of this function as given in Ref. 13. Reference 14 shows that
the complex nature of the function at high frequencies can be
eliminated simply by moving the gust reference conditions
from the midchord to the plate leading edge. The resulting
function H(k), which is also shown in Figure 8, is related to

Fig. 6 Comparison of the pressure distributions as cal-
culated by the present method and the method of Ref. 7 for

two 25.5% thick Joukowski airfoils.

the Sears function <j>(k) as follows :

= H(k)eik

The H(k) function for a flat plate in a moving gust is also
shown in Fig. 8. This function was obtained by applying a
Fourier transformation to the results obtained in Ref. 15 for a
moving sharp-edged gust. Specifically, a gust advancing to-
ward the plate with a relative velocity of 2Um, i.e., UT = 2.0,
is considered. In the comparisons to follow, only H(k), the
simplified Sears function, will be considered. In addition,
plots of these functions vs k will replace the vector diagrams.

Figure 9 presents the amplitude and phase angle of the
simplified Sears gust function, H(k). The results of calcula-
tions by the present method are also shown for a 4.2-percent-
thick von Mises airfoil and a 25.5% thick Joukowski airfoil.
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TRAILING STREAMLINES

Fig. 7 Pressure distributions on a NACA 23012 airfoil and
flap.

SEARS FUNCTION
SIMPLIFIED SEARS FUNCTION
ADVANCING GUST FUNCTION

Fig. 8 Vector diagram of the Sears function, simplified
Sears function, and the advancing gust function.

The results for the thin von Mises airfoil agree very well with
the flat-plate results. The trends shown for the thickness are
similar to those for the Theodorsen function (Fig. 2). The
thickness tends to decrease the amplitude and increase the
magnitude of the phase angle in both cases, except at high fre-
quencies. There, the trend reverses for the phase angle.

Figure 10 presents the amplitude and phase angle of the
simplified gust function for a plate in an advancing gust field.

(p{k) = H(k)eJk

H i k ) = pe'0

™*
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Fig. 9 Comparison of the simplified Sears function for
airfoils of various thickness.
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Fig. 10 Comparison of the advancing gust function for
bodies of various thickness.

The plate is traveling to the left with a velocity of Um and the
gust is traveling to the right with a velocity of Um. The rela-
tive velocity is then 2Umj i.e., UT = 2.0. The results of cal-
culations by the present method are also shown for three dif-
ferent body shapes. The first is a 4.2-percent-thick von Mises
airfoil, the second is a 25.5% thick Joukowski airfoil, and the
third is an 83-percent-thick circle-wedge type of body. The
results for the thin airfoil agree very well with those for the flat
plate. The calculations for the thick Joukowski airfoil show
the same thickness trends that were observed for the station-
ary gust. The extremely thick circle-wedge body .confirms
these trends.

Calculations were also carried out for the circle-wedge body
in a water-wave gust field with UT = 2.0. The results (indi-
cated by stars in Fig. 10) are normalized by the quantity
§§co(l - UT)/UTe"ya"e/UT. For low values of reduced fre-
quency, the water-wave gust and the advancing gust are
almost identical. This is due to the fact that the onset flows
for the two types of gusts are very nearly the same for low fre-
quencies (when the results are normalized as given above).
At higher frequencies, the exponential character of the wave

. onset flow makes itself felt, and in this range the results differ.
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Results from a New Wind-Tunnel Apparatus for Studying
Coning and Spinning Motions of Bodies of Revolution

LEWIS B. SCHIFF* AND MURRAY TOBAK*
NASA Antes Research Center, Moffett Field, Calif.

An apparatus is described which reproduces either separate or combined coning and spin-
ning motions of a body of revolution in a wind tunnel, using a six-component strain gage bal-
ance to measure the aerodynamic forces and moments. Results of experiments with a slender
cone in coning motion show that at small angles of attack the side-force and side-moment
coefficients normalized by the coning rate are linear functions of the angle of attack, the slopes
of which are in excellent agreement with the damping-in-pitch coefficients CA^ + CN& and
Cmq + Cma- This agreement, predicted by linearized theory, indicates that at small angles of
attack the dynamic damping-in-pitch coefficients of a body of revolution can be measured as
the steady side force and moment coefficients of the body undergoing coning motion. For
larger angles of attack, where vortices appear on the leeside of the body, the normalized side
force and moment coefficients become nonlinear functions of angle of attack. Photographs
of the vortices reveal that they are displaced from the angle-of-attack plane by coning motion.
This asymmetric displacement of the vortices persists over the entire length of the body, mak-
ing them a possible source of nonlinear side moment.

Nomenclature
A = axial force (Fig. 1 )
Ci = rolling-moment coefficient, 1/qoSlo
Cm = pitching-moment coefficient, m/q0Slo
Cm-o = that contribution to the pitching-moment coefficient

attributable to the presence of vortices
Cn = side-moment coefficient, n/qoSlo
Cnpa = rate of change of linearized side-moment coefficient

with respect to p and a; [d2Cn/d(plo/Vo)d]aa->()',
p^Q

classical Magnus moment coefficient
CN = normal-force coefficient, N/qQS
CNV = that contribution to the normal-force coefficient attri-

butable to the presence of vortices
CNa,Cma = rate of change of linearized normal-force and pitch-

ing-moment coefficients with angle of attack;

rate of change of linearized normal-force and pitch-
ing-moment coefficients with pitching velocity
parameter qlo/V0; [d

= rate of change of linearized normal force and
pitching-moment coefficients with time rate
of change of an~le-of-attack parameter
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co ;<r(Z),0,0) = pitching-moment coefficient in steady planar
motion with a- held fixed at <r(0; zeroes de-
note 0 and $ respectively held fixed at zero

{ o-(t),0,0 } = damping-in-pitch coefficient in planar motion
(0 and \j/ held fixed at zero) measured about
a fixed inclination a- = const

°o;<r(£),0,0} = rate of change with respect to coning rate
parameter <j>lo/Vo of the side-moment co-
efficient measured in steady coning motion
(with a- held fixed at <r(t), 0 held fixed at a
series of values, and ^ held fixed at zero),
evaluated at 0 = 0

°°;0-(OAO } = rate of change with respect to spin rate param-
eter ^IQ/VQ of the side-moment coefficient
measured in steady spinning motion (with er
held fixed at <r(t), \l/ held fixed at a series of
values, and 0 held fixed at zero), evaluated at
t = 0

= side-force coefficient, Y/q0S
= length along body axis of symmetry from nose

to center of rotation (Fig. 2)


